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Abstract

In this paper, we determine the radius of various starlikeness for the class of normalized Bessel
functions of the first kind. We consider the certain subclassess of starlike functions such as the
class associated with Booth lemniscate, the rational function ¥(z) = 1+ (z(k+2))/(k(k—z)),
the class related to the sine function and modified sigmoid.
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1 Introduction

The Bessel functions are an important class of mathematical functions that have a wide range of
scientific and engineering applications. They play a significant role in the problems concerning wave
propogation, diffraction and interference phenomena and heat condution in cylindrical coordinates.
They are also used in modeling quantum mechanical systems particularly in solving the Schrédinger
equation. The zeros of Bessel functions also play an important part in frequency modulation (FM)
radio transmission, which is mathematically described by a harmonic distribution of a sine wave
carrier modulated by a sine wave signal that may be represented using Bessel functions.

Let D(r) := {z € C: |z| <r} and D = D(1). Let A be the class of analytic functions f in the
open unit disk D and normalized by the condition f(0) = 0 and f/(0) = 1. Let S denote the subclass
of A containing univalent functions. Let f and g be two analytic functions. Then f is said to be
subordinate to g if there exist an analytic function w in D with w(0) = 0 and |w(z)| <1 for z € D
such that f(z) = g(w(2)). It is denoted by f < g. If g is univalent in D , then f is subordinate to
g if and only if f(0) = ¢(0) and f(D) C ¢g(D). Let ¢ be an analytic function in D with positive
real part and whose range is starlike with respect to ¢(0) = 1 and ¢'(0) > 0. In 1992, Ma and
Minda considered the class S*(¢) of all f € A satisfying zf'(z)/f(z) < ¢(z). For different choices
of ¢ the class S*(¢) reduces to some well known subclasses of starlike function. For instance, when
d(z) = (14 2)/(1 — 2), S*(¢) is the class S* of starlike functions. Kargar et al [1] introduced the
class BS™(«) associated with the Booth lemniscate. For 0 < a < 1, define BS™ () = S*(Gn(2))
where G (2) = 1+ z/(1 — az?). The class S? := S*((3 + 4z + 22%)/3) was studied in [2]. The class
S% := S*(¢(z)) is associated with the function ¢)(z) = 14 (2(k + 2))/(k(k — 2)) where k = v/2 + 1
was also made known in [3]. The class S := S*(z + V/1 + 22) consists of lune starlike functions
associated with the lune shaped region {w € C : 2|w| > |w? — 1|} [4]. Cho et al. [5] introduced the
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class S}, related to the function 1 + sin z. Recently, the class S&, := S*(2/(1 + e~ *)) associated
with {w € C: [log((2/(2 —w)) — 1)| < 1} is also studied in [6]. For o € R the class S}, . consists of
all functions satisfying zf'(2)/f(z) < a + (1 — a)e?. For —1/(e — 1) < a < e¢/(e — 1), the function
a+ (1 — a)e? is a function with positive real part and hence the class S . consists of starlike
univalent functions|7]. In this paper, we consider 0 < o < 1. The class S§, := S*(1 + 42/5 + 21/5)
associated with convex combination of linear and exponential functions was studied in [8].

Let M be a set of functions in A4 and P be a property. The supremum R of all the radii so that
each function f € M has the property P in the disk D,., 0 < r < R is known as radius of property
for the set M, denoted by Rp(M).

In 2014, Baricz and Szdsz [9, 10] obtained the radii of starlikeness and convexity for the Bessel
functions of the first kind. Bohra et al. [11] determined the radius of starlikeness of order o and the
k-uniformly convex radius of the normalized Bessel functions of the first kind. Recently, the authors
[12] studied the radii of lemniscate starlikeness and Janowski starlikeness for certain normalizations
of g-Bessel functions. For a more detailed study of Bessel function of the first kind one may refer to
[13, 14]. Motivated by the aforementioned works, in this paper we determine the radius of various
starlikeness for normalized Bessel functions of the first kind.

The Bessel function of the first kind of order v is a particular solution of the second order

homogeneous Bessel differential equation
2w (2) + 2w’ (2) + (22 — v*)w(z) =0, v € C.

This function has an infinite series expansion

2O =Y e ()

n>0

where z € C and v € C such that v # —1,—2,---. We consider the following three normalizations
of the Bessel function of first kind:

1
dv(v+1)

It is easily seen that the functions f, is normalized and analytic. Also f,(z) = exp(L log(2"T (v +
1)J,(2))) where log represents the principal branch of the logarithm function. It is known that the
zeros of the Bessel function J, are all real for v > 0. Thus the Bessel function admits Weierstrass
decomposition [14, p. 498] of the form

fo(z) = (2T(w+ 1), ()Y = 2 — B v£0 (1.1)

2V 2
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n>1

Ju(z)

where j, ,, denotes the nth positive zero of the Bessel function J,,. The zeros of a Bessel function
satisfy the inequality j, 1 < jy2 < --- for v > 0 [15, p.235].
This infinite product is uniformly convergent on each compact subset of C. From (1.2), we have

Z%@)zu—EZ—Ef—a (1.3)

ORI
Using (1.1) and (1.3), we get
2fl(z)  12J(2) 1 222
v _ v —1-= - 1.4
o) v v, (14)

o1



2 Main Result

In order to prove the main result we need the following lemmas.
Lemma 2.1. [16, Lemma 3.2, p.310] For |z| <r < 1, |zx| = R > r we have

z r? Rr
2.1
zfzk+R2—r2 R2 _ 2 (2.1)
Lemma 2.2. [17, Lemma 3.4, p.1392] Let G (2) = 1+1272 (0 < a < 1). The inclusion relation
-z

is as follows:

1 1
{wE(C:|w—1|<}CGQ(D)C{wGC:|w—1|<}.
1+« -«

Lemma 2.3. [2, Lemma 2.5, p.926] For 1/3 < a < 3, let r, be given by

[ Ba-1)/3, 1/3<a<5/3;
Ta_{3—a, 5/3<a<3 (22)

and R, be given by
3—a, 1/3 < a <11/9;
R, = (3a—1)3
— 11/9 <
27(a— 1)’ [sa<3

Then
{lweC:lw—a|<r,} S C{weC:|lw—a|l<R,}.
Lemma 2.4. [3, Lemma 2.2 p. 202] For 2(v/2 — 1) < a < 2, let v, be given by

Cfa-2(v2-1),if2(V2-1) <a<V2
o= 2 —a, if\/iga<2

then
{w:|w—a| <r,} CY(D)
k 1 2
whereqp(m)):ug (ka> =14zt ot h=VEHL
Lemma 2.5. [18, Lemma 2.1] For v2—1<a <V2+1, letr, = 1—\\/§—a| and R, = Va? + 1.
Then

{w:|w—a|l <ry} C{w:|w*—1] <2w|} C{w:|w—a| <R.}.
Lemma 2.6. [7, Lemma 2.2] For o+ (1 — a)e < a < a+ (1 — a)e, let rq be given by

. :{(a—a)—(l—a)/e, at(l-—a))e<a<a+(l-a)let+et)/2; (2.5)
@ e(l—a)—(a—a), a+(1—-a)le+eV)/2<a<a+(l—-a :
and R, be given by
Jel—a)—(a—a), a+(I1-a)/e<a<a+(1—a)e/2
Ra_{ 2(00), a+(1—a)e/2<a<a+(l—a)e (26)

Then,

{w:|w—a|<ra}C{w:

w—a
1 —_— 1 sw — .
og(l a>‘< }C{w |lw—a| < R}
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Lemma 2.7. [5, Lemma 3.8] Let 1 —sinl < a < 14 sinl and r, = sinl — |a — 1|. Then the
following holds

{w:|lw—a| <7} CQs C{w:|w—1| <sinh1}.

Lemma 2.8. [6, Lemma 2.2] Let 2/(1+e) < a < 2e/(1+e). If

_e—l
Ce+1

Ta —la—1]

then {w : lw—al <r,} C Asg where Agg is the image of D under the function G(z) = 2/(1+e™?).
Lemma 2.9. [8, Lemma 2.2, p.175] For 2/5 < a < 2, let r, given by

a—2/5, if2/5<a<l
ra =14 \/(@a—T7/5)2 +a/5, if 1 <a<51/35 (2.7)
2—a, if51/35<a<?2

If 9(2) =14 42/5+ 24/5, then {w: |w —a| < 714,} C ¢(D).
Theorem 2.10. Let v > 0 and let t; = j,1 denote the smallest positive zero of the Bessel function

Ju
1.

2.

. For the function f, we have following radius estimates

Let &(r) = r(1 + a)J.(r) — vJ,(r). Then the BS™(«)-radius of the function f,(z) is the root
r1 € (0,t1) of the equation & (r) =0 where 0 < a < 1.

Let &(r) = 3rJ),(r) — vJ,(r). Then the S&-radius of the function f,(z) is the root ro € (0,t1)
of the equation &(r) = 0.

Let &3(r) = rJ)(r) —2(v/2—=1)vJ,(r). The Sh-radius of the function f,(z) is the root r3 € (0,t1)
of the equation &3(r) = 0.

. Let &(r) = rJ,(r) — (1 = V2)vJy(r). The S;-radius of the function f,(z) is the root ry € (0,t1)

of the equation £4(r) = 0.

Let &5(r) = erd,(r) — (ea + (1 — a))vJy(r). The S}, -radius of the function f,(z) is the root
rs € (0,t1) of the equation &5(r) =0 where 0 < a < 1.

Let &6(r) = rJ)(r)+ (sin1—1)vJ,(r). The 8%, -radius of the function f,(z) is the root rg € (0,1)
of the equation &g(r) = 0.

Let &(r) = (e+1)rJ)(r) —2vJ,(r). The S§q-radius of the function f,(z) is the root r7 € (0,t1)
of the equation &7(r) = 0.

Let &s(r) = brd,,(r) — 2vJ,(r). The S -radius of the function f,(z) is the root rs € (0,t1) of
the equation &s(r) = 0.

Proof. In view of Lemma 2.1, for |z| = r < t;, we have

2

z2f1(2) 2 r 2 Jenr
_ 1.2 _ ' Jl<z Jvn’
o) DIl IEEDY

4 4
r
n>1 n>1jmn

(2.8)

where j, , denotes the nth positive zero of the Bessel function J,. It is evident that
a=1-2% " < 1. Using (1.4), we get

nlein—r4

2f1(2) 1 222 1 272
A I N P N
EERL R I SR W

2
-T
n>1 nlewn
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. It follows by Lemma 2.2 that the function f, belongs in the class BS*(«a) if

1
72 1+a

n>1 ],, n
using (1.3) we obtain &;(r) < 0. Let g(r) = 1+a -2 2D n>1 ji Then hm g( )=1/(14a) >0
and lintl g(r) = —oo. By the intermediate value theorem g(r) has a root Tl in (0,%1). Therefore,
r—t1

the desired BS™(«)-radius r; lies in (0, ¢1).
. Since a < 1 thus we consider 1/3 < a < 5/3. In view of Lemma 2.3, the function f,, belongs to
the class S whenever

j2 2 rt 1
*Z Za <1-2) a3

n>1 ]V” n>1 ‘71/-,71

which gives &(r) < 0. Let g(r) = -2 Zn>1 . Then hm g( )=2/3>0and lim g(r) =
—r?

r—t1
—o0. It follows by the intermediate value theorem that g(r) hab a root ro € (0,t1). Therefore,
the required S¢- radius ro belongs to (0,t1).
. It is enough to consider the case 2(\/§ —1)<a< V2. Tt follows by Lemma 2.4 that the function
fu belongs to the class S§; whenever

Iy i iy

n>1 .]un Vn21 Jon —T
2
which gives &3(r) < 0. Let g(r) =3 —2v2 -2 Zn>1 . Then hm g( ) =0.1715 > 0 and
—r?
lim g(r) = —oo. In view of the intermediate value theorem that g(r ) has a root r3 € (0,t1).

r—t1

Therefore, the required Sj- radius r3 belongs to (0,¢1).
. Since a < 1 thus in view of Lemma 2.5 that the function f, belongs to the class S; whenever

n>1 jz/n n>1 .71/,71

which implies £4(r) < 0. Let g(r) = 2 —2v/2— Zn>1 3 . Then hm g( ) = 0.585 > 0 and

lim g(r) = —oo. It follows by the intermediate value theorem that g(r ) has a root r4 € (0,t1).

r—t1

Therefore, the required S;- radius 4 belongs to (0,%1).

. Tt is enough to consider the case a+ (1 —a)/e < a < a+ (1 —a)(e+e~1)/2. In view of Lemma
2.6 that the function f, belongs to the class S . if

Iy e 2y T (a

’I’L>1 ]I/n n>1 jun
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which implies &5(r) < 0. Let g(r) 2 D i e
]yn

(1-a)(1—e1) > 0and lir? g(r) = —oo. It follows by the intermediate value theorem that g(r)
r—1t1

—5 - (1 — a)/e. Then }%g(r) =

has a root 75 € (0,¢1). Therefore, the required S}, .- radius 75 lies in (0, ;).
6. Since a < 1 thus in view of Lemma 2.7 that the function f, belongs to the class S, whenever

72 Jun _72 7 Tsin—1

n>1 ]u n n>1 ‘7” n
o - r? . .
which implies &6(r) < 0. Let g(r) = sin—2>" -, = Then 71_1_r>r(1)g(r) =sinl > 0 and
hrrtl g(r) = —oo. It follows by the intermediate value theorem that g(r) has a root rg € (0,¢1).
r—ty

Therefore, the required S% - radius r¢ lies in (0,¢1).
7. It is enough to consider the case 2/(1 + e) < a < 1. In view of Lemma 2.8 that the function f,

belongs to the class S%, whenever

2 o’ 2 4 2
v 4],—7’4§1_VZ4T77"4 1+e
1 ]y,n n>1 Jvn
r2
which gives &(r) < 0. Let g(r) =1-2%" | 5 13- Lhen lin(l)g(r) =(e—1)/(e+1) >0
" Jom T T
and lint1 g(r) = —oo. By the intermediate value theorem g(r) has a root r7 € (0,¢1). Therefore,
T—11

the required S§- radius 77 belongs to (0,¢1).
8. Since a < 1 thus we consider 2/5 < a < 1. In view of Lemma 2.9, the function f, belongs to the

class &5, whenever
g 2 r 2
z <1-2 - _=
Z:IJM V;]é,n_"A 5
2
which gives &(r) < 0. Let g(r) = 2 —2 =2 n>1 5 5 Then hm g( ) =3/5>0and lintl g(r) =
.]1/ n r? i

—o0. It follows by the intermediate value theorem that g(r) has a root rg € (0,¢1). Therefore,
the required S3; - radius belongs to (0,t1).

O
3 Methodology

The idea is to determine the disk containing the image of the open unit disk under the mapping

2f"(2)/1(2)

4 Conclusion

In addition to the results obtained in this paper other radius estimates can be determined for the
class of starlike functions associated with the functions 1+(2/72)(log((1—+/z)/(14+v/2)))?; (1+2)/?
and 1+ z — (23/3). Also, one can consider other normalizations of the Bessel functions of the first
kind.
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